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Important contributions of M. C. Wang and C.S. Wang Chang to
non-equilibrium statistical physics

LIU Ji-Xing®
Institute of Theoretical Physics Chinese Academy of Sciences Beijing 100080 China

Abstract In the middle of the 20th century two Chinese women physicists Ming-Chen Wang and Cheng-
Shu Wang Chang made great contributions to statistical physics. The famous review articlé’ On the theory of the
Brownian motion II” by Ming-Chen Wang and G. E. Uhlenbeck published in Rev. of Mod. Phys. in 1945 pro-
vided a complete scientific classification of stochastic processes which is still adopted by the scientific communi-
ty as the standard classification. The Wang-Chang-Uhlenbeck WCU equation proposed jointly by C. S.
Wang-Chang and Uhlenbeck became the fundamental kinetic equation for the treatment of transport properties of
multi-atomic gases with internal degrees of freedom in the physics literature. These important scientific contribu-
tions are analyzed and reviewed.
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On the Theory of the Brownian Motion II

Mivg CHEx WANG axp G. E. UmLENBECK
H. M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan

1. INTRODUCTION

IN 1930, Otnstein .and -one of us' tried to
summarize and partially extend the existing
theory of the Brownian motion for simple sys-
tems like the free particle and the harmonic
oscillator, Since that time the theory has been
developed and clarilied to a considerable extent,
80 that it seems worth while again to try to
summarize the theory. In this we will restrict
oursclves to the case of the Brownian motion of
a system of coupled harmonic oscillators, or in
the electrical analogy to the theory of the thermal
noise in a linear, passive network.?® It is now
clear that in this case we have to do with the
theory of the so-called Gaussian random process,
and we shall try, therefore, Lo present (he theory
of the Brownian motion against the background
of the general theory of the random process.®
This will also allow us to show the connection
with some of the mathematical literature on
this subject.

There are two approaches to the theory of the
Gaussian random process. In the first the atten-
tion is focused on the actual random variation
in time of the displacement, or voltage, or
whichever variables of the system one is espe-
cially interested in. One usually* develops. this
variable in a Fourier series in time, of which the
coefficients can vary in a random fashion. A
fundamental notion is the notion of the spectrum
of the random process, and the connection be-
tween the spectrum and the so-called correlation
function is one of the basic theorems. For many
purposes, and especially in the electrical case
when -the ‘‘noise” passes through non-linear

E. Thlenbeck and L. S. Ornstein, Phys. Rev. 36,
813 (1930) We will refer to this paper as I,

Iy in the last section, where we shall mention some
unsolvéd problems, we shall go beyond this restriction.

* Recently 8. Chandrasekhar has also reviewed several
aspects and ;\pph(‘ahmw of the gencral theory in Rev.
Mod. Phys. 15, 1 (1943). Although there witl be some
overlapping, we hope that our review will complement the
exposition of Chandrwekh

use a devek in

circuit elements (like rectifiers for instance), this
method is the most natural. Recently the method
has been applied systematically to 2 whole series
of problems by S. 0. Rice, and we shall call it,
therefore, the method of Rice or the Fourier series
method, and In the following we shall give only a
short account of it.

The second method is the method of Fokker-
Planck or the diffusion equation method. Macro-
scopically, for an ensemble of particles or sys-
tems, the variations which occur are like a
dilfusion process. The distribution [unction of
the random variables of the system will, there-
fore, fulfill a partial differential equation of the
diffusion type, and this is the basic equation of
the method.® We shall discuss this method in
more detail, mainly because, thanks to a recent
article by Kramers,” one is now able to derive
the distribution function for any of the random
variables in the Brownian molion of a system of
coupled oscillators. Thus it becomes completely
clear that the two methods give identical results,
and the relation between the two methods can
then perhaps be better appreciated.

2. TEE GENERAL RANDOM PROCESS

Roughly speaking, what we mean by a random
process y(§) is a process in which the variable y*

58, 0. Rice, Bell Tel. J. 23, 282 (1944); 25, 46 (1945).
We shall refer to these papers as Rice L and UL, One finds
here also references to previous applications of the method.

¥ For simple examples see I, and also R, Furth, Ann. d.
I'hyslk 53, 177 (1917) and Riemann-Weber, drd ed. Val.

IL, p. 177. In the mathematical literature the method has

been analy. ed v A. Kolmogoroff, Math. Ann. 104, 415

(1931); 108, 140 (1933); and by W. Fellor, Math. Ann.

113 113 (1936); Trans. Am. Math. Soc, 4%, 488 (1940).
VAL A, Kramers, Physica 7, 284 (1940).

#Tu gy be thal v is the displacement or veloity of a
particle in Brownjan motion or a fluctuating voltage or
current when we have thermal noise. [t may also denote
a combination of twe or morc of such quantitics, and we
shall speak then of two-dimcosional or more dimensjonal
random pre n the fallowing, everything will
written as and £ were continuous variables. This is
ot necossary; it may happen that cither y or £ or both
5and ¢ can assume only Giscrers values. We propose fo
let the words continuous and discrete refer only to the

to
other sots of orthogonal fanctions.

dependent variable y; while the words process and series
refer Lo continuous and discrete ¢ respectively. The well-
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nomena: i.e. we will derive theoretical expressions for the coefficient
of heatconductivity, which characterizes the stationary heat flux
under the influence of a constant temperature gradient and the coel-
ficients of shear- and dilatational viscosity which characterize the
stationary pressure tensor which is connccted with a stationary
hydrodynamic motion of the gas. The special relaxation problems
which are connected with nmon-stationary phenomena as e.g. the

- propagation of sound waves, will not be considered in this paper.

2. The Boltzmann Equation

The central problem in the theory of the transport phenomena is
the determination of the local distribution function

fle.s;r4) e}

which is defined in such a way that f{c, 7)de is the numberdensity of
molecules having the velocity ¢ (=u, v, @) in the element de ==
= du dv dw round ¢ in the velocity space and having an internal
state specified by the set of quantumnumbers . This distribution-
function is a “local” distributionfunction, because the constants oc-
curring in the distributionfunction, related to the numberdensity #,
the average velocity or mass velocity ¢p and the temperature T are
local quantities i.e. they may be slowly varying functions of position
in space r and time ¢. Thus these variables r, ¢ occur as parameters
in the distribution function (1).

These quantities, the local density #, the local temperature 7 and
the local massvelocity, o, can be obtained from the distribution-
function by using the relations:

n:zpmﬂa (2a)
neg = Z ~[/(c, i)e de ) {2b}
nu(l) =% f f(e, ) (4mC? + Ej)de (2¢)

where C = ¢ — ¢q is the peculiar velocity, i.e. the molecular velocity
relative to the mass velocity and «(T) is the average energy per mole-
cule in equilibrium as a function of temperature.

c.2) HEAT CONDUCTIVITY AND VISCOSITY 251

In general the distribution [unction has to be determined by solving
the Boltzmann equation:

oL - vV f + F-V[ = (0f{oh)con G

where F represents an eventually present external foree acting on the
coordinates of the centre of gravity of the molecules only. The ex-
pression for (9f/8)con, representing the rate of change of [ due to
collisions, may be derived as follows:

Consider two streams of molecules with numberdensities /(e, 7)de
and f(e1, ) dey respectively and let the initial relative velocity be
g == ¢, — ¢. The average number of collisions per unit volume per
unit time, leading to a change of this relative velocity tn the final
value g’ = ¢i — ¢’ being directed in a space angle sin y dy d¢ with
respect to g and leading to a change of the internal state of the mole-
cules from 1, § to &, [ s given by

feidf(erj)-o(gif; g'kl) sin  dy dg de dey. “
The quantity o(gif; g'kl) is a scattering cross section for inelastic
collisions, which has to be determined on the basis of the quantumn
mechanical theory of collisions, but a more close discussion falls
outside the scope of this paper.

It is important that the quantum mechanical analogon of the princi-
ple of microscopic reversibility 1 leads to

%
g-al{gif; g'kl)de dey = g’ -o(g'kL; gij)dc’ dei (5)
which makes it possible to write for

of gt g

= =X I X |Hehfleid) — ienflen)]

ot /eon T % 1

X go(gij; g'kl) sin g dy d¢ dey. (6)
The equation (3) combined with (6) represents the Boltzmann-equation
for a gas of molecules with internal degrees of freedom. The method

t Note added in 1963. The assumption (5) is only rigorously true in cases
where no degeneracy exists. For the particular case of rotational internal de-
grees of freedom. The spational degeneracy requires a modification of this
assumption {compare the investigations of Gioumousis, Heitler and Snider,

ref. 7.8 of the foreword). The modifications appear to have however no further
consequences for the final expressions for the transport coefficients.
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